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ABSTRACT. In 1968, K. Goebel [2I] did research on more than one self-mapping and
established the coincidence theorem in order to derive the common fixed point theorem.
Despite the fact that Machuca [35] initially examined this issue in 1967 under some
strict topological restrictions, in 1976 Jungck [I0] introduced commuting mappings and
established common fixed point theorems by using constructive procedures of iterative
sequences. This condition is too strong. Continuing this, Sessa [44] gave weakly com-
muting mappings in 1982 and extended a variety of fixed point theorems by substituting
weakly commutativity for commutativity. Owing to the elegance of this result, many
authors have introduced various weaker forms of more than one self-mapping in metric
and fuzzy metric spaces.

In this paper, we discuss various non-commuting mappings in metric and fuzzy metric
spaces. This article updates the comparative study on non-commuting maps and shows
their interrelationship in these spaces.
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1. INTRODUCTION

In 1965, fuzzy sets were proposed by L. A. Zadeh [23] as a mechanism to capture
the ambiguity of everyday life and provided the foundation for the development of fuzzy
mathematics. In 1975, Kramosil and Michalek [T9] introduced the notion of fuzzy metric
space by generalizing the concept of M. Frchet metric space [26]. Heilpern [40] first intro-
duced the concept of fuzzy contractive mappings in 1981, and M. Grabiec [27] proved the
contraction principle in fuzzy metric spaces in 1988. In 1994, George and Veeramani [I]
modified the concept of fuzzy metric space with the help of t-norms. Afterwards, many
researchers have done work in this domain and established fixed point results in fuzzy
metric spaces.

Stephen Banachs contraction mapping [39] works with a single self-mapping and ob-
tains the fixed point theorem. A common fixed point of f with the identity mapping on X
can be thought of as the study of fixed points of self-mappings. However, K. Goebel [21]
introduced in 1968 the notion of substituting another self-mapping g on X for the iden-
tity mapping and established the coincidence theorem in order to derive the common
fixed point theorem. Despite the fact that Machuca [35] initially examined this issue in
1967 under some strict topological restrictions, G. Jungck [10] introduced the notion of
commuting mappings in 1976, and S. Sessa [44] generalized this concept by proposing
weakly commuting mappings in 1982. In 1986, G. Jungck [I1] introduced the notion
of compatible mappings, which is more general than commuting and weakly commuting
mappings.
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Due to the elegance of this result, many authors have introduced various other con-
tractive conditions on more than one self-mapping, such as compatible-type conditions.
Readers may see references [2), 4, Bl [0, [7, [14], 24], 25, BT, B3], B4} 36, 42, [43], 45].

This paper presents various non-commuting and compatible mappings in metric and
fuzzy metric spaces, which helps in comparative and interrelationship studies in these
spaces.

2. PRELIMINARIES

Definition 2.1 (Maurice Frchet, 1906). Let M be a non-empty set and d : M X
M — R a real-valued function satisfying for all x,y,z € M:

(i) d(z,y) >0 [Positivity]
(ii) d(z,y) =0 z=y [Reflexivity]
(ili) d(z,y) = d(y,z) [Symmetry]
(iv) (x, y) < d(z,z)+d(z,y) [Triangle inequality]

Then (M, d) is called a metric space.
Definition 2.2 [Karl Menger -1942]. A mapping 7" : [0, 1] x [0,1] — [0, 1] is called a
triangular norm (shortly T-norm) if it satisfies the following conditions:
For all a,b,¢c,d € [0, 1]:
)=a [Neutral Element]
)=T(b,a) [Commutativity]
a,T(b,c)) =T(T(a,b),c) [Associativity]
(a,b) <T(c,d), whenever a < cand b <d [Monotonicity]
2.3 [3]: [A. K. Chaudhary et al.,-2021]

0, fora=56=0,

T(a,b) = aorb, forb=1ora=1,

ab _
, otherwise.
a+b
Then 7' is a triangular norm.
Definition 2.4 [§]: [B. Schweizer and A. Sklar- 1960]

A triangular norm 7 is said to be a continuous T-norm if it satisfies the following
conditions: For each a,b,c,d € [0, 1]:
(1) T is associative and commutative;
(2) T is continuous;
(3) Boundary condition: T'(a,1) = a;
(4) Monotonicity: T'(a,b) < T(c,d) whenever a < ¢ and b < d.
Example 2.5 T'(a,b) = ab for a,b € [0,1] is a continuous t-norm.
Definition 2.6[23] [Zadeh, 1965] If X is a universal set and = € X, then a fuzzy set
A defined on X is a collection of ordered pairs:

A= {(:L.7ILLA(x)) HEUES Xa MA<x> S [07 1]}
where g4 : X — [0, 1] is a membership function.
Example 2.7 Let X = {1, %9, x3, 74, 75,26}, and A is a fuzzy set of smart students.

A = {(x1,0.2), (22,0), (3,0.3), (x4, 0.5), (25,0.9), (z6,0.1) }

Where, pa(z) € [0,1], i.e., the degree of smartness of z; is 0.2 and so on.
Definition 2.8 [19]: [I. Kramosil and J. Michalek, 1975]
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The 3-tuple (X, M, %) is said to be a Fuzzy metric space if X is an arbitrary set, *
is a continuous T-norm, and M : X x X x [0,00) — [0, 1] is a fuzzy set satisfying the
following conditions:

For all z,y,2 € X and t,s > 0:

(1) M(z,y,0) = 0;
(2) M{z,y,t) =1 <= o = y;
(3) M{z,y,t) = M(y, o, b);
(4) M(z,z,t+s) = M(z,y,t) « M(y, 2, 5);
(5) M(z,y,-):[0,00) = [0,1] is left continuous.

It is also called a KM-Fuzzy metric space.
Definition 2.9 [I]: [A. George and P. Veeramani, 1994]

The 3-tuple (X, M, %) is said to be a Fuzzy metric space (GV FM) if X is an
arbitrary set, * is a continuous T-norm, and M : X x X x [0,00) — [0,1] is a fuzzy set
satisfying the following conditions:

For all z,y,2 € X and t,s > 0:

(1) M(zx,y,t) > 0;
2) M(z,y,t) =1 <=z =y;
3) M(x,y,t) = M(y, z,1);
4) M(z,z,t+s) > M(x,y,t)* M(y,2,s);
5

(
(
(
(

) M(z,y,-):(0,00) — [0,1] is continuous.
Example 2.10 Let (X, d) be a metric space. Define a x b = ab for a,b € [0, 1] and
kt"
M(z,y,t) = k,m,n eR

ktr + md(z,y)’

Then (X, M, *) is a fuzzy metric space induced by d. If k = m = n = 1,then the above
equation reduces to M (x,y,t) = 7 is called the standard fuzzy metric.

t
t+d(z,y

3. NON-COMMUTING MAPPINGS IN METRIC SPACE

Definition 3.1[9):
If S and T are two self-mappings of a metric space (X,d), then S and T are called
commuting mappings on X if

d(STz,TSx) =0 forall z € X.

Definition 3.2 [9]:
If S and T are two self-mappings of a metric space (X,d), then S and T are called
weakly commuting mappings on X if

d(STx,TSz) < d(Sz,Txz) forall z € X.

Remark 3.3: Every commuting mapping is weakly commuting, but the converse is
not true.

Example 3.4[44]: Let X = [0, 1] be equipped with the usual metric d on X. Define
constant mappings S, T : X — X by

Sr=a and Tz =0, a # b.
Then S and T are weakly commuting but not commuting, since
d(STz,TSz) = |a —b| = d(Sz, Tz).
Definition 3.5 [I1]: [G. Jungck et al., 1986]
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Two self-mappings S and T of a metric space (X, d) are said to be compatible map-
pings or asymptotically commuting mappings if
lim d(STz,,TSz,) =0,

n—oo

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet e X.
n—oo n—oo

Definition 3.6 [11]:
Two self-mappings S and T of a metric space (X, d) are said to be compatible map-
pings of type (A) if
lim d(STz,,TTz,) =0 and lim d(T'Sz,,SSz,) =0,

n—o0 n—oo

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet e X.
n—oo n—oo

Remark 3.7: Compatible mappings and compatible mappings of type (A) are inde-
pendent of each other.

Example 3.8[15]:
Let X = R equipped with the usual metric d. Define self-mappings S and 1" as follows:

0, ze€Z,

S ==, Tr =
1, z¢Z.

Consider the sequence {x,} given by z,, = 1+ n%l, n > 0.
Example 3.9[37]:
Let X =[2,12] and d be the usual metric on X. Define S,7 : X — X as follows:

2, T =2,

Gp — 2, r=2o0rx>5, Ty — 12, 2 <1 <5,
12, 2<z<5, z+1

, T >0.

Consider the sequence {x,} given by

1
T,=954+—, n>0.
n

Then S and T" are compatible mappings of type (A), but not compatible mappings.

Then S and T are compatible but not compatible of type (A).

Definition 3.10 [I6]: [H. K. Pathak and M. S. Khan, 1995]

Two self-mappings S and T of a metric space (X, d) are said to be compatible map-
pings of type (B) if

lim d(STz,, TTx,) < %{ lim d(STx,, S) + lim d(St, §5z,)].

n—o0 n—oo n—00

and

1
lim d(T'San, SS,) < 5[ lim d(T'Sx,,Tt) + lim d(Tt,TTxn)},

n—oo n—o0 n—o0

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet € X.
n—oo n—oo

Definition 3.11[17]: [H. K. Pathak et al., 1996]
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Two self-mappings S and T of a metric space (X, d) are said to be compatible map-
pings of type (P) if

lim d(SSx,, TTxz,) =0,

n—oo

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet¢c X.
n—oo n—oo

Example 3.12:
Let X = [0, 3] with the usual metric d(x,y) = | — y|. Define self-mappings S and T
on X as follows:

5}
Sy =Tr=2, forxel0,2), Sx:Tx:§, for x = 2,

Sx=4—ux, Tr =z, forze (23]

Then S and T are compatible mappings of type (A) and type (P).

Definition 3.13 [I8]: [H. K. Pathak et al., 1998]

Two self-mappings S and T of a metric space (X, d) are said to be compatible map-
pings of type (C) if

1
lim d(STan, TT,) < 5[ lim d(STa,, St) + lim d(St, SSz,) + lim d(St,TTxn)],

n—o0 n—oo n—oo n—oo
and
1
lim d(TSzn, SSz,,) < —[ lim d(TSx,,Tt) + lim d(Tt,TTz,) + lim d(Tt,ssxn)},
n—00 3 Ln—ooo n—00 Nn—00

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet e X.
n—oo n—oo

Remark 3.14: Compatible mappings of type (A) = Compatible mappings of type
(B) = Compatible mappings of type (C), but the converse is not true in general.

Example 3.15[13]:

Let X = [2,12] with the usual metric d. Define S,T: X — X as follows:

Lo , v € {1} U (7,20],
Sg=47 TT5 Tz =142, l<az<T,
3, 1l<a<T,
r—06, 7T<zxz<20.

Consider the sequence {z,} given by
1
T,=74+—, n>0.
n

Then S and T are compatible of type (C) but neither compatible, nor compatible
of type (A) or type (B).

Definition 3.16[29]: [M. R. Singh and Y. Mahendra Singh, 2007]

Two self-mappings S and T' of a metric space (X, d) are said to be compatible map-
pings of type (E) if

lim TTx, = lim T'Sx,, =St and lim SSz, = lim STz, =Tt,

n—0o0 n—0o0 n—o0 n—0o0
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whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet e X.
n—oo n—oo

Remarks 3.17:
e If St = Tt, then compatible mappings of type (E) imply compatible mappings of

type (A), (B), (C), and (P), but the converse may not be true.
o If St # Tt, then compatible mappings of type (E) are neither compatible map-
pings, nor compatible mappings of type (A), (C), or (P).

Example 3.18[29):
Let X = [0,1] with the usual metric d(x,y) = | — y|. Define self-mappings S and T

as:

1 1 2
Sx:Tmza,for ZL‘€|:O,§), Sa:sz:§,for T=73,

1
Sr=1—x, Tx=ux for x¢€ (5,1}

Consider a sequence {z,} C X such that z, — % and x, > 1 for all n. Then
St =Tt =2,s0 S and T are compatible [compatible of type (A), (B), (C), (P)], but not
of type (E).

Example 3.19 [29]:

Let X = [0, 1] with the usual metric d(z,y) = |z — y|. Define S and T as:

1 1 1
Sr=1, Tx=0,for xe{o,é]—{z}, Sr=0, Tx=1,for T=7

1-— 1
St = 4x, Tx:g,for x€(§,1].

Consider a sequence {z,} C X such that z, — % and x, > 3 for all n. Then
St =0+# 1=1Tt, so S and T are compatible of type (E), but neither compatible nor

compatible of type (A), (C), or (P).
Definition 3.20[28]: [M. R. Singh and Y. Mahendra Singh, 2011]

Two self-mappings S and T of a metric space (X, d) are said to be T-compatible of
type (E) if
lim TTx, = lim TSz, = St,
n—oo n—oo

whenever {z,} is a sequence in X such that
lim Sz, = lim Tz, =t for somet € X.

n—o0 n—oo

Definition 3.21 [2§]:
Two self-mappings S and T of a metric space (X, d) are said to be S-compatible of

type (E) if
lim SSx, = lim STz, = Tt,

n—oo n—oo
whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for sometec X.
n—oo n—oo
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Remark 3.22: Compatible mappings of type (E) imply both S- and T-compatible map-
pings of type (E); however, S- or T-compatible of type (E) do not necessarily imply
compatible mappings of type (E).

Example 3.23 [2§]:

Let X = [0,1] with the usual metric d(x,y) = |z — y|. Define self-mappings S and T
as:

1
}, Sr=0, Tx=1,for :z::Z,

1 1
St =1, Tx:g,for x € [0,—] _{Z

1-— 1
4m7 T:L‘:g,for x € (571].

Consider a sequence {z,} C X such that z, — % and x,, > % for all n. Then S and T'
are S-compatible of type (E) but not compatible of type (E).

Definition 3.24[47]: [Y. Rohen and M. R. Singh, 2008]

Two self-mappings S and T' of a metric space (X, d) are said to be compatible map-
pings of type (R) if

St =

lim d(STx,,TSx,) =0 and lim d(SSz,,TTx,) =0,

n—oo n—o0

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet € X.
n—oo n—oo

Definition 3.25[22]: [K. Jha, V. Popa, and K. B. Manandhar, 2014]
Two self-mappings S and T' of a metric space (X, d) are said to be compatible map-
pings of type (K) if

lim SSz, =71t and lim T7Tx, = St,

n—oo n—oo

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =t for somet e X.
n—oo n—oo

Remark 3.26: Compatible mappings of type (K) are independent of compatible map-
pings of type (B), (C), and (P).

Example 3.27 [20]:

Let X = [0,2] with the usual metric d(x,y) = |z — y|. Define self-mappings S and T
as:

1 1
Sx=2, Tx=0,for $€[0,1]—{§}, Sx=0, Tx=2,for z=73,

9 _
Sx = 2:107 szg,for x € (1,2].

Consider a sequence {z,,} C X such that

1
tp,=14—, neN.
n

Then S and T are compatible of type (K) and (E), but neither compatible nor com-
patible of type (B), (C), or (P).
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4. NON-COMMUTING MAPPINGS IN A FUZZY METRIC SPACE:

Definition 4.1[41]: [S. N. Mishra et al., 1994]
The self-mappings S and T of a fuzzy metric space (X, M, %) are said to be compatible
if

lim M(STx,, TSx,,t) =1,

n—oo
whenever {z,} is a sequence in X such that

lim Sx, = lim Tx, =x
n—oo n—oo

for some x € X and t > 0.

Definition 4.2 [46]: [Y. J. Cho et al., 1998]

The self-mappings S and T of a fuzzy metric space (X, M, %) are said to be compatible
of type (A) if

lim M(STx,, TTx,,t)=1 and lim M(TSx,,SSz,,t) =1,

n—oo n—oo
whenever {z,} is a sequence in X such that

lim Sx, = lim Tz, =t
n—o0 n—o0

for some t € X and ¢t > 0.

Definition 4.3 [40]:

The self-mappings S and T of a fuzzy metric space (X, M, x) are said to be compatible
of type (P) if

lim M(TTz,,SSx,,t) =1,

n—oo

whenever {z,} is a sequence in X such that

lim Sx, = lim Tx, =x
n—oo n—oo

Definition 4.4 [3§]: [R. Vasuki, 1999
Two self-maps S and T of a fuzzy metric space (X, M,*) are said to be weakly
commuting if

M(STxz, TSx,t) > M(Sx,Tx,t) for every z € X.

Definition 4.5 [30]:
Two self-maps S and T of a fuzzy metric space (X, M, ) are said to be R-weakly
commuting provided there exists a positive real number R such that

M(STz, TSxz,t) > M(Sx, Tz, %) for all z € X.

Remark 4.6: Weak commutativity implies R-weak commutativity, and the converse
is true for R < 1.

Definition 4.7[9]: [B. Singh and S. Jain, 2005]

Two self-mappings S and 7' of a fuzzy metric space (X, M, *) are said to be semi-
compatible if

M(STz,,Tx,,t) — 1 forallt >0,

whenever {z,} is a sequence in X such that

Sxp, Tx, —p for somepe X as n — oo.
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It follows that S and T are semi-compatible and Sy = Ty = STy = T'Sy by taking
{z,} =yand x = Sy ="Ty.

Remark 4.8: For two self-mappings S and T of a fuzzy metric space (X, M, *), R-
weakly commuting implies semi-compatible, but the converse is not true.

Example 4.9 [30]:

Let X = [0,2] and % be defined by a * b = min{a, b}. Let

M(z,y,t) = ———

be the standard fuzzy metric induced by d, where d(z,y) = |x—y| for all z,y € X. Define
self-mappings S and T as:

2 0,1 1 0,1
S.’lﬂ': ’ 'Ie[v ]7 Ty — ) , ..TE[, )7
x, =€ (1,2], r+s, xe (L2

Then S and T are semi-compatible but not R-weakly commuting mappings.

Definition 4.10[9]:

The self-mappings S and T' of a fuzzy metric space (X, M, *) are said to be weakly
compatible or coincidentally commuting if S and T' commute at their coincidence
points, i.e., for x € X, if Sx = Tz, then

STx =TSx.

Definition 4.11[29]: [M. R. Singh and Y. M. Singh, 2007]
The self-mappings S and T of a fuzzy metric space (X, M, x) are said to be compatible
of type (E) if

lim M(SSz,, STx,,t) =1, lim M(SSx,,Tx,t) =1,

n—oo n—oo

lim M(STx,,Tz,t) =1, lm M(TTz,,TSz,,t)=1,
n—oo n—oo

lim M(TTz,,Sz,t) =1, lim M(TSx,,Sz,t) =1,
n—00 n—00

whenever {z,} is a sequence in X such that

lim Sz, = lim Tx, =x
n—oo n—oo

for some x € X and t > 0.

Definition 4.12 [32]: [M. S. Khan et al., 2007]

Two self-mappings S and T of a fuzzy metric space (X, M, x) are said to be compatible
of type (A-1) if

lim M(STx,,TTx,,t)=1 forallt>0,

n—oo

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =2 for some z € X.
n—oo n—oo

Definition 4.13 [32]:
Two self-mappings S and T of a fuzzy metric space (X, M, %) are said to be compatible
of type (A-2) if

lim M(TSz,,SSx,,t) =1 forallt >0,

n—oQ

whenever {z,} is a sequence in X such that

lim Sz, = lim Tz, =z for some x € X.
n—oo n—oo



1IWANDU PRASAD KOIRI, RAJEEV KUMAR, K. B. MANANDHAR, AND AJAY KUMAR CHAUDHARY

for some x € X and t > 0.

Remark 4.14: If a pair of mappings (S, 7T) is compatible of type (A-1), then the pair
(T, S) is compatible of type (A-2). Further, if S and T are compatible mappings of type
(A), then the pair (S,7) is compatible of both type (A-1) and type (A-2).

Definition 4.15 [47]: [Y. Rohen et al., 2008]

The self-mappings S and T of a fuzzy metric space (X, M, %) are said to be compatible
of type (R) if

lim M(STx,,TSx,,t) =1 and lim M(SSxz,, TTz,,t) =1,

whenever {z,} is a sequence in X such that

lim Sz, = lim Tx, =x
n—oo n—oo

for some x € X and ¢t > 0.

Remark 4.16:

The compatible mappings of type (K) in a fuzzy metric space are independent of
compatible mappings, compatible mappings of type (A), and compatible mappings of
type (P).

Example 4.17 [20]:

Let X = [0,2] with the usual metric d(z,y) = |z — y|. Define

t
M t) = ——— Xt
(x;% ) t+d($,y)’ Vx,ye , U > 0,

and
axb=ab, Va,bel0,1].
Then (X, M, ) is a fuzzy metric space. Define self-mappings S and T as:

2, ze0,1)— {3}, 0, z€0,1)—{3},
Sz =<0, 3:—%, Tr =42, fB:%»
2_736? x € (1’2]7 %’ T e (1’2]'

S and T are not continuous at = 1, 5. Consider a sequence {z,} C X given by

1
5.
1
r,=14+—, neN.
n

Then S and T are compatible of type (K), but they are neither compatible nor com-
patible of type (A) [compatible of type (P)].

Let us consider another example in the same space X = [0,2| with the same metric
and fuzzy metric structure. Define self-mappings S and T as:

1, x € (0,1], 1, z€/(0,1],
Sx=Tr={ 3, r =1, Te=4q3, x=1,
2—z, x€(1,2], z, z€(1,2]

Consider the sequence {z,} C X given by

1
r,=1+—, neN.
n

Then S and T are not compatible of type (K), but they are compatible, compatible of
type (A), and compatible of type (P).
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5. RESULT AND CONCLUSION

5.1. Interrelationship of Weaker Forms of Commuting Mappings.

(1) Every commuting mapping = weakly commuting, but the converse is not true.

(2) Compatible mappings of type (A) = Compatible mappings of type (B) —
Compatible mappings of type (C), but the converse is not true in general.

(3) Compatible of type (E) implies both S- and T-compatible of type (E); however,
S- or T-compatible of type (E) do not imply compatible of type (E).

(4) If St = Tt, then compatible mappings of type (E) imply compatible mappings
of type (A), compatible mappings of type (B), compatible mappings of type (C),
and compatible mappings of type (P); however, the converse may not be true.

(5) If St # T't, then compatible mappings of type (E) are neither compatible mappings
nor compatible mappings of type (A), type (C), or type (P).

(6) Weak commutativity in a fuzzy metric space implies R-weak commutativity, and
the converse is true for R < 1.

(7) Two self-mappings S and T' of a fuzzy metric space (X, M, x): if S and T are
R-weakly commuting, then S and T are semi-compatible; however, the converse
is not true.

(8) Two self-mappings S and T of a fuzzy metric space (X, M, x): if S and T are
semi-compatible, then S and T are compatible; however, the converse is not true.

(9) The compatible mappings of type (K) in a fuzzy metric space are independent of
compatible mappings, compatible mappings of type (A), and compatible mappings
of type (P).

5.2. Conclusion. Some compatible mappings in metric space and compatible mappings
in fuzzy metric space have been pointed out in addition to various compatibilities in
metric spaces and fuzzy metric spaces. This helps in the comparative and relational
study in these spaces for researchers.
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